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Abstract

The concept of hyperbolic axial dispersion of heat in a flowing fluid which is known as ‘third sound wave’ has been

examined taking packed bed as an example. This technique analyse fluid flow and heat transfer by introducing an axial

dispersion term in the one-dimensional energy equation to take care of flow maldistribution and backmixing. The

present approach models this dispersion in terms of two parameters which are proposed to follow hyperbolic con-

duction law. A regenerator bed consisting of stainless steel wire mesh packing has been used to carry out experiments

for the purpose of validating the concept. The analytical model presented uses a Laplace transform technique for the

solution of simplified energy equation. The computed outlet fluid temperature is compared with experimental output

and the two model parameters, dispersive Peclet number (Pe) and its propagation velocity (c�) are estimated. The
present model, the parabolic (Fourier) dispersion model and the non-dispersive plug flow model are compared with the

experimental result which brings out the closeness of the present proposition to reality compared to other models. A

standard experimental technique is suggested which can be used for the measurement of parameters related to axial

dispersion. The present study is the first experimental evidence of ‘third sound wave’ in fluids and lays foundation of

this proposition. � 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Packed bed regenerators are one of the important

heat transfer equipment which are used in high tem-

perature applications such as gas turbine power plants

as well as in low temperature applications such as cryo-

genic liquefaction systems. The concept of axial disper-

sion in first place as proposed by Taylor [1] and its

further development by Roetzel and Spang [2] in the

form of ‘hyperbolic dispersion’ subsequently, were aimed

at the removal of a major deficiency of the contempo-

rary studies in which the fluid was assumed to have ‘plug

flow’ and the effects of flow maldistribution and back-

mixing were not considered. Adebiyi and Chenevert [3]

reviewed all such one-dimensional models applied to a

packed bed thermal energy storage system. Their review

reaffirms the fact that beginning with the pioneering

work of Schumann [4] all the subsequent investigators

including Riaz [5], Monta Khab [6] or Lu [7] have paid

little attention towards the effects of flow maldistribu-

tion and backmixing. Since the flow maldistribution and

backmixing bring about significant deviation from one-

dimensional velocity and temperature profile, accurate

simulation of the temperature response is not possible

by using plug flow model which is usually used for the

design and control of a large family of heat transfer

equipment. Usually flow maldistribution is less severe in

packed beds compared to open type equipment. Hence,

any successful model for the analysis of such systems

will be even more attractive for other compact equip-

ment where maldistribution is acute.

The concept of dispersion was introduced to analyse

the transient behaviour of multipass shell and tube heat

exchangers by Roetzel and Xuan [8]. The dispersion

phenomenon was proposed to follow Fourier law of

conduction in the one-dimensional energy equation.
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Xuan and Roetzel [9] developed a versatile and efficient

method to predict the dynamic performance of parallel

and counter flow heat exchangers subject to arbitrary

temperature variations and step flow variations, con-

sidering dispersion to include the effect of flow mal-

distribution. Further, Roetzel et al. [10] developed an

oscillating temperature technique to measure the heat

transfer coefficient and axial dispersion coefficient. Das

et al. [11] carried out experiments to predict the tran-

sient response of plate heat exchangers subject to a step

change in the temperature from a uniform state con-

sidering dispersion in the fluid. Roetzel and Balzereit

[12] introduced residence time measurements for the

determination of axial dispersion coefficients in plate

heat exchangers.

The concept of hyperbolic dispersion was introduced

to rectify the problem of under prediction of time delay

of the conventional (parabolic) dispersion model. This

was taken care by introducing a finite propagation

velocity in the dispersion equation (Fourier law of ap-

parent conduction) in the form

q1 þ
a�

c�2
Dqx
Ds

¼ �k
oTr
ox

ð1Þ

where the substantative operator appearing due to fluid

movement is given by

D

Ds
¼ o

os
þ u

o

ox
ð2Þ

In Eq. (1) k is the dispersion coefficient, a� is the ap-

parent thermal diffusivity of due to dispersion in fluid

and c� is the dispersion wave propagation velocity.
The only evidence of hyperbolic dispersion concept

so far has been the indirect comparison with numerical

simulation of laminar flow through a tube by Roetzel

et al. [13]. They named this mode of dispersion as ‘third

Nomenclature

A convective heat transfer area (m2)

Af fluid free flow cross sectional area (m2)

Am cross-sectional area of the solid matrix (m2)

A 4� 4 coefficient matrix
c conduction wave propagation velocity (m/s)

c� dispersion wave propagation velocity (m/s)

Cm specific heat of the solid (J/kgK)

Cp isobaric specific heat of the fluid (J/kgK)

G exchanger flow stream mass velocity (kg/

m2 s)

h heat transfer coefficient (W/m2 K)

k thermal conductivity of the solid matrix (W/

mK)

L length of the bed (m)

mf mass flow rate of fluid (kg/s)

m mass of hold up fluid over the bed at a

particular instant (kg)

M mass of solid matrix (kg)

NTU number of transfer units ¼ hA=mfCp
p porosity of the wire screen matrix

Pe dispersive Peclet number ¼ mfCpL=kAf
Pm matrix Peclet number ¼ mfCpL=kAf
q heat transfer by conduction in the axial di-

rection (W/m2)

qx heat transfer by dispersion in the axial di-

rection (W/m2)

Re Reynolds number ¼ 4rhG=l
rh hydraulic radius (m)

s transformed time variable in Laplace do-

main

T temperature (K)

u velocity of the fluid (m/s)

uij eigenvectors of A matrix
V third sound Mach number ¼ u=c�

x space co-ordinate (m)

X dimensionless space co-ordinate ¼ x=L
z non-dimensional time ¼ mfCpt=MCm
X the dimensionless time at which inlet fluid

temperature reaches the maximum, mfCpimax=
MCm

a thermal diffusivity (m2/s)

a� thermal diffusivity of axial dispersion ¼
k=qCp (m2/s)

bj eigenvalues of A matrix
h non-dimensional temperature ¼ ðT � TatmÞ=

ðTin;max � TaimÞ
k axial dispersion coefficient of fluid (W/

mK)

q density of the fluid (kg/m3)

s time (s)

smax time required to reach maximum tempera-

ture at inlet (s)

l viscosity (N s/m2)

g heat capacity ratio ¼ MCm=mCp

Subscripts

atm at atmosphere

f of the fluid

in at the inlet

in, max at inlet, maximum

m solid matrix

þ the section just after the heat exchanger inlet

� the section just before the heat exchanger

inlet
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sound wave’. This is because while the normal acoustic

wave can be called ‘first sound wave’, it is customary to

call thermal wave in the form of non-Fourier (or hy-

perbolic) conduction as the ‘second sound wave’. Thus

by analogy with non-Fourier conduction, the hyperbolic

dispersion can be termed as also a sound wave, the

‘third’ one.

In the present work, the concept of hyperbolic dis-

persion is validated experimentally by applying it to the

transient analysis of a packed bed. The axial dispersion

coefficient and its propagation velocity are measured for

three different sizes of wire mesh. The present work

also suggests a standard experimental technique for the

measurement of parameters related to hyperbolic axial

dispersion.

2. Experimental set up and procedure

Fig. 1 shows the schematic diagram of the experi-

mental set-up. The experimental set up consists of a test

section of 60 mm length and 100 mm diameter galvan-

ised iron tube with flanges in which stainless steel wire

mesh (16� 16 or 10� 10 or 5� 5) is packed over a
length of 40 mm, centrally. This flanged section is a part

of a long pipe line from the blower to have fully devel-

oped flow at the flow measurement point. It may be

mentioned here that the bed aspect ratio has been

kept low to conform to typical regenerator bed where

common blower is used instead of expensive compres-

sor. However, during experiment it was observed that

change of bed depth from 30 to 60 mm does not ap-

preciably change the dispersion parameters evaluated.

The temperature of fluid at inlet to the bed, outlet to the

bed and three different cross sections inside the matrix

are measured using K type (Chromel–Alumel) thermo-

couples. Air from a blower of 15 HP capacity is passed

through a 100 mm diameter tube. Air is first heated

using a 2 kW electric heater which is wrapped outside

the tube. A burner is used as an additional source of

heat. The burner tip is kept inside a 150 mm diameter

and 450 mm long shroud which is closed at one end. The

flue gases are allowed to pass over the tube through

which air is flowing making it a flue gas to test fluid (air)

heat exchanger (11). Temperature of air after the heating

zone is measured using a thermocouple. Following the

thermocouple a bypass valve is provided and the air is

bypassed till its temperature reaches steady state. After

the bypass valve, a butterfly valve is provided in the

main line which is followed by the test section. Using the

butterfly valve heated air is prevented from entering

the test section till it reaches a steady temperature. The

flow rate of air is measured using a calibrated orifice

meter. The range of flow rates used was 100–250 m3/h.

Thermocouples are connected to data acquisition system

which contains a data acquisition A/D card with counter

and cold junction compensation along with appropriate

software. The test section is cooled using compressed air

till the butterfly valve is opened to maintain a uniform

initial temperature which heats up because of heat leak.

The measured values of temperatures, time and axial

distance are non-dimensionalised using the non-di-

menianalised parameters of temperature, time, distance

and solid matrix Peclet number (Pm).
A polynomial of the form hin ¼ ða0 þ a1zþ a2z2þ

a3z3Þ½1� Hðz� XÞ	 þ Hðz� XÞ (where X is the dimen-

sionless time at which inlet fluid temperature reaches the

maximum and Hðz� XÞ is the unit step function) is fit-
ted to the recorded inlet temperature history which is

shown in Fig. 2 and in the subsequent computation, this

real input function instead of an idealised step function

has been used.

Fig. 1. Schematic diagram of the experimental set-up.
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In measurement, the main source of error has been

the thermocouple response delay, its accuracy and the

error in flow measurement by the orifice meter. It was

found that the data acquisition unit can handle ther-

mocouple response with an accuracy of 0.1 �C which

is about 0.7% of the temperature difference achieved.

The time constant is 50 ms which is much less than

the measurement time. The maximum uncertainty in

temperature measurement is found to be 
3%. It is es-
timated that the maximum uncertainty in flow mea-

surement is limited to 
3%. The sensitivity of the
temperature to the maximum uncertainty in flow mea-

surement is 3.5% which makes the present level of ac-

curacy acceptable.

3. Mathematical model

In the present work, the experimental results are

compared to a mathematical model that takes the effect

of flow maldistribution and backmixing into account by

introducing an apparent fluid conduction in the flow

direction represented by axial dispersion coefficient,

k which is assumed to follow Chester’s [14] hyperbolic
conduction law in the energy equation.

Thus the governing equations are given by

1

a�
oTf
os

�
þ u

oTf
ox

�
þ 1

c�2
o2Tf
os2

�
þ 2u o2Tf

osox
þ u2

o2Tf
ox2

�
� o2Tf

ox2

¼ hA
LAfk

Tmð
�

� TfÞ þ
a�

c�2
oðTm � TfÞ

os
þ ua�

c�2
oðTm � TfÞ

ox

�
ð3Þ

AmqmCm
oTm
os

¼ Amk
o2Tm
ox2

þ hA
L
ðTf � TmÞ ð4Þ

The dispersion parameters k and c� and heat transfer
coefficient h are non-dimensionalised using the following

parameters.

Dispersive Peclet number ¼ Pe ¼ mfCpL
kAf

Third sound Mach number ¼ V ¼ u
c�

Number of transfer units ¼ NTU ¼ hA
mfCp

With these parameters the governing fluid and the

solid (packing material) equations in non-dimensiona-

lised form can be expressed as,

Pe
g

ohf
oz

þ Pe
ohf
oX

þ V 2

g2
o2hf
oz2

þ 2V
2

g
o2hf
ozoX

þ ðV 2 � 1Þ o
2hf
oX 2

¼ PeNTUðhm � hfÞ þ
NTUV 2

g
oðhm � hfÞ

oz

þNTUV 2
oðhm � hfÞ

oX
ð5Þ

ohm
oz

¼ 1

Pm

o2hm
oX 2

þNTUðhf � hmÞ ð6Þ

It should be noted here that a heterogenous model

which accounts for difference in fluid and solid matrix

temperature at each axial location is used here. Thus the

heat transfer coefficient approach which is usually used

for the analysis of thermal regenerators is used here

instead of heat transfer resistance approach of homo-

geneous model.

Danckwert [15] type of boundary condition is ex-

tended to take care of the finite propagation velocity of

dispersion as

T ðþÞ
in � T ð�Þ

in ¼ k
qu Cp

oT ðþÞ
in

ox
� a�

c�2
oT ðþÞ

in

os

"
þ u

oT ðþÞ
in

ox

#
ð7Þ

This can be non-dimensionalised as

hðþÞ
f � ð1� V 2Þ

Pe
ohðþÞ
f

oX
þ V 2

Peg
ohðþÞ
f

oz
¼ hð�Þ

f at X ¼ 0 ð8Þ

ohf
oX

¼ 0 at X ¼ 1 ð9Þ

Physically this type of boundary condition indicate

that when a fluid with plug flow suddenly enters a dis-

persive region there is a sudden drop in temperature.

This drop is dependent on the level of the dispersion

(i.e. on the dispersive Peclet number). In case the ap-

proaching fluid is also considered with dispersion, only

the level of dispersion will change.

It should be mentioned here that, strictly speaking

Danckwerts boundary condition is valid only if there is a

plug flow before and after the packed section. However,

in the present case the flow before and after packing was

fully turbulent giving a very flat velocity profile. Also,

these sections were properly insulated to have a similar

temperature profiles which can be approximated as plug

flow without incurring much error. However, for large

deviation from plug flow in the fore and aft section this

Fig. 2. A sample of measured inlet fluid temperature and fitted

curve.
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boundary condition can be modified by incorporating

the respective fore and aft Peclet number which will not

change the general conclusions of the present work in a

significant way.

The matrix conduction at inlet and exit are absent.

The non-dimensional form of matrix boundary condi-

tion is given by

ohm
oX

¼ 0 at X ¼ 0 and X ¼ 1 ð10Þ

Initially, both the fluid and the matrix are at atmo-

spheric temperature. Incorporating this initial condition,

the fluid and the matrix equations can be transformed

into Laplace domain which can be written in matrix

form as

d�hh
dX

¼ A�hh ð11Þ

where, the temperature vector �hh is given by

�hh ¼ hfðsÞ;
dhfðsÞ
dX

; hmðsÞ;
dhmðsÞ
dX

� �T
ð12Þ

and A is a 4� 4 co-efficient matrix formed from the

coefficients of the temporal fluid and matrix equation.

Eq. (12) can be solved by an identical way as done by

Das et al. [11] to yield the solution of the form

�hh ¼ UbðX ÞD ð13Þ

where the diagonal matrix bðX Þ is given by

bðX Þ ¼ diag eb1X ; eb2X ; eb3X ; eb4X
� �

ð14Þ

The columns of matrix U are the eigenvectors of the

matrix A and D is a co-efficient vector given by

D ¼ ½d1; d2; d3; d4	T ð15Þ

which can be evaluated from the boundary conditions.

Putting boundary conditions in Eq. (13) will given a

matrix equation for which �hh is known. This can be
solved by standard matrix solvers (here Gaussian elim-

ination is used) to give D.

The solution which is obtained using the above

method is in frequency domain and it is inverted back to

the time domain using fast Fourier transform technique

suggested by Crump [16].

4. Results and discussion

A wide range of experiments have been carried out

for three different sizes of stainless steel (16� 16, 10�
10, 5� 5) wire mesh packed in a circular tube. The po-
rosities for these meshes are 0.766, 0.817 and 0.832 re-

spectively. Because of the limitation of the flow rate, the

Reynolds number are obtained in different ranges as

shown in Fig. 5. Heat transfer data for the matrices are

taken from Kays and London [17].

5. Measurement of dispersion parameters (apparent

Peclet number Pe and third sound Mach number V)

Figs. 3 and 4 show the comparison of computed re-

sponse using the present model at different Pe and V

with the experimental response for two different meshes

(16� 16, and 5� 5). Pe and V of the computed response
at which the time constant is closest to the experimental

response is taken as the dispersion parameter at that

particular Reynolds number. Using the above procedure

Pe and V are measured for different Reynolds numbers

and mesh sizes. Fig. 5 shows measured Pe and V for

three mesh sizes and different ranges of Reynolds num-

ber. A generalised correlation is suggested for Pe and V

in terms of Re and the bed porosity (p) using a non-

linear regression analysis which can be given by,

Pe ¼ 10:13Re�0:55p3:93 ð16Þ

V ¼ 0:45Re0:04p�1:43 ð17Þ

Fig. 4. Comparison of the experimental outlet fluid tempera-

ture with the present model at different Pe and V for 5� 5 wire
mesh (Re ¼ 1377:33, NTU ¼ 1:8).

Fig. 3. Comparison of the experimental outlet fluid tempera-

ture with the present model at different Pe and V for 16� 16
wire mesh (Re ¼ 428:3, NTU ¼ 8:536).
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for the range of parameters

200 < Re < 1600

0:766 < p < 0:832

These correlations are applicable only for the meshes

used here and the range of Re shown in Fig. 5. The focus

of the present study is to indicate the possibility of ob-

taining such correlations rather then generating a gen-

eral correlation which is left as a scope of future work.

6. Validation of the present model

By using the proposed correlation, the response of

the bed is calculated and compared with an experimental

transient response which has not been used for obtaining

the correlation. Fig. 6 shows the comparison of the

calculated response and the experimental response. The

result is convincing to reveal the validity and consis-

tency of the hyperbolic dispersion proposition. To fur-

ther demonstrate the appropriateness and contribution

of the present formulation, in Figs. 7 and 8, comparison

of experimental result with the present model, the par-

abolic dispersion model (V ¼ 0) and the plug flow model
is made. For 16� 16 wire mesh, i.e. higher NTU, the
present model gives a better approximation to the real-

ity. At lower NTU (5� 5) there is not much difference
between the present model, parabolic dispersion model

and the plug flow model. This is due to the fact that at

lower NTU (5� 5 mesh), heat transfer to the wire mesh
is less. So the temperature gradient in the fluid along

the bed is not large. Consequently, the heat transfer due

to dispersion does not play a major role.

Fig. 9 compares purely the experimental outlet fluid

temperature at same range of Reynolds number for

16� 16 and 10� 10 wire mesh. For 16� 16 mesh, the
outlet fluid temperatures rises faster as NTU for this

wire mesh is higher and consequently the matrix reaches

the fluid temperature earlier.

This feature suggests the importance of the different

models for different types of heat transfer equipment.

Eventhough in packed bed the flow maldistribution is

less severe, at high NTU (i.e., low porosity) the disper-

sion becomes significant. Hence for equipment in which

flow maldistribution is more or compactness is higher, it

is essential to include the hyperbolic dispersion model.

For devices such as packed bed with moderate to highFig. 6. Validation of the present model with 16� 16 wire mesh.

Fig. 7. Comparison of the experimental outlet fluid tempera-

ture response with present model, parabolic dispersion model

and plug flow model for 16� 16 wire mesh.

Fig. 8. Comparison of the experimental outlet fluid tempera-

ture response with present model, parabolic dispersion model

and plug flow model for 5� 5 wire mesh.

Fig. 5. Predicted values of Pe and V with fitted correlation in

terms of Reynolds number and matrix porosity for 16� 16,
10� 10, 5� 5 wire meshes.
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porosity, the usual (parabolic) dispersion model seems

to be sufficient while plug flow seems to be poor ap-

proximation in all cases involving heat transfer.

7. Matrix temperature distribution

Figs. 10 and 11 show matrix temperature history at

two different locations (X ¼ 0:1875 and 0.8125) of the
bed in the flow direction. Similar to the observation

from the fluid temperature response the matrix temper-

ature of the model gives a good approximation of the

matrix temperature. Fig. 12 shows the standard devia-

tion of the matrix temperature distribution of the pre-

sent model with experimental response with respect to

time considering temperatures at three locations of the

bed (X ¼ 0:1875, 0.5 and 0.8125).
Compact heat exchangers such as regenerators re-

quire higher NTU. The results show that at higher

NTU, the dispersion and its propagation velocity play

an important role and the present model matches better

with the experimental response than the parabolic dis-

persion model (and of course the plug flow model).

Hence, the present experimental technique can be ex-

tended and general experimental correlations for Pe and

V can be obtained for a range of Re and other types of

packing geometries (such as metallic spheres and finned

surfaces) which can be used for simulating a packed bed

thermal regenerator and compact heat exchangers.

8. Conclusion

The concept of hyperbolic dispersion is established

by theoretical analysis and by conducting experiments

on packed bed systems. The hyperbolic dispersion model

is validated using the predicted Pe and V from the

proposed correlations. Experimental result reveals that

the present model is a good approximation to the tran-

sient thermal behaviour of a packed bed energy reservoir

especially at higher NTU which makes the present study

important as compact heat exchangers which are used

only at higher NTU. Matrix temperature distribution

calculated are on the whole consistent with experimental

result. A standard experimental technique for the mea-

surement of parameters to axial dispersion and its

propagation is suggested which can be extended for

Fig. 10. Comparison of experimental matrix temperature his-

tory with the calculated matrix temperature response with re-

spect to time for 16� 16 wire mesh at X ¼ 0:1875.

Fig. 11. Comparison of experimental matrix temperature his-

tory with the calculated matrix temperature response with re-

spect to time for 16� 16 wire mesh at X ¼ 0:8125.

Fig. 12. The standard deviation of the matrix temperature

distribution of the present model with experimental response

with respect to time.

Fig. 9. Comparison of the experimental outlet fluid tempera-

ture responses of 16� 16 and 10� 10 wire mesh at same range
of Reynolds number.
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presenting a detailed data for packed bed regenerators

and other compact heat exchanger surfaces.

The dispersion parameters, viz., dispersive Peclet

number (Pe) and the third sound Mach number (V) are

predicted for a range of Reynolds numbers for three

different sizes of wire meshes and a pair of general cor-

relation are suggested for them.
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